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Abstract

This study examines optimal public policy in a product cycle model
where R&D firms innovate and imitate and households face non-
diversifiable risk. The government controls product cycles by two
policy instruments: patent length, i.e. the expected time an innova-
tion is imitated, and patent width, i.e. the innovator’s profit after a
successful imitation relative to that before. The main results are the
following. An increase in patent length or patent width slows down
economic growth. The more patient or the less risk averse the house-
holds, the longer and narrower the optimal patents.
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1 Introduction

A patent is an innovation protected by the authorities. In a growth model
of creative destruction, firms can step forward in the quality ladders of
technology by investing in R&D.! If imitation is possible as well, then eco-
nomic growth is subject to product cycles as follows. Through the develop-
ment of new products, an innovator achieves a temporary advantage earning
monopoly profits. This advantage ends when an imitator succeeds in copying
the innovation, enters the market and starts competing with the innovator. I
define patent length as the time the patentee earns the full monopoly profit,?
and patent width (or breadth) as the innovator’s relative profit after and be-
fore the entry of a successful imitator.> The purpose of this paper is to find
the welfare-maximizing patent shape (length + width) for an economy with
creative destruction and non-diversifiable risk.

In models with no uncertainty, patent length is commonly the expiration
time of the patent. In product cycle models, however, this is not appropriate,
because any patent is likely replaced by a new innovation before it would
expire. In that case, it is better to define patent length as the actual time
the patentee can exploit the monopoly profit.

In product cycle models, the assumption of the diversifiable risk simplifies
the analysis considerably: Firms can borrow any amount for R&D at a given
interest rate and households are protected from uncertainty through diver-
sification in the market portfolio. In that case, the optimal patent length
and patent width are obtained by maximizing the present value of a R&D
firm independently of the households’ behavior. In the literature assuming
implicitly that risk is diversifiable, the optimal patent shape is highly sensi-
tive to the firms’ cost structure. Some papers claim that “long and narrow”
patents are superior to “short and wide” patents, while some others claim

vice versa.* The problem with the assumption of diversifiable risk, however,

LCf. Grossman and Helpman (1991) (in ch. 4), and Aghion and Howitt (1998).

2This definition is also equivalent to Horii and Iwaisako’s (2007) concept of Intellectual
Property Rights (IPR).

31 other words, the more the patentee’s profit falls at the occurrence of imitation, the
narrower the patent. This definition is in line with cf. Denicolo (1996), Takalo (1998) and
Kanniainen and Stenbacka (2000).

4Cf. Denicolo (1996), Takalo (1998) and Kanniainen and Stenbacka (2000).



time

atb
two producers, | original imitator’s
Innovating innovator’s share
activity share
a

one producer,
imitating
activity

original innovator’s share

0 () 1-¢ 1 market share

Figure 1: Stages of the product cycle.

is that it contradicts the entire literature of venture capital which supposes
that firms cannot borrow without collateral and use their immaterial prop-
erty (e.g. patents) as collateral.” Where households cannot wholly diversify
their investment risk, firms finance their R&D through issuing shares and
households purchasing these shares face the uncertainty associated with in-
vestment. In that case, patent policy depends on the households’ behavior
as well. For all the reasons given above, it would be instructive to examine
the optimal patent shape in an economy with non-diversifiable risk.

The structure of a product cycle model is characterized in Fig. 1. Let
0 be the starting time at which an innovation occurs, a the time at which
the innovation is imitated, a + b the time at which an innovation of the
next generation occurs. The innovator possesses the whole market during
the imitative period [0,a) and the share ¢ € (0,1) of the market during the
innovative period [a,a + b), while the imitator possesses the share 1 — ¢ of
the market during [a,a + b). If imitation is serially uncorrelated, then the
probability of a successful imitation is equal to the inverse of the time of the
imitation, 1/a. If innovation is serially uncorrelated, then the probability of
a successful innovation is equal to the inverse of the time of the innovation,
1/b. In this framework, patent length — i.e. the expected time in which
an innovation will be imitated — is given by a. if profit is proportional to

°A nice summary of this literature is given by Gompers and Lerner (1999).



the market share, then patent width — i.e. the innovator’s relative profit (=
relative market share) after and before imitation — is given by ¢. I shall
maximize welfare by patent length and patent width in the presence of non-
diversifiable risk.

In an earlier paper of mine, I examine the growth effects of competition
in a product cycle model (Palokangas 2008). In that paper, I extend Wilde’s
(1999a, 1999b) growth model with non-diversifiable risk for a multi-sector
economy and incorporate into it Segerstrom’s (1991) and Mukoyama’s (2003)
ideas on product cycles and cumulative technology, with the following results.
A little intensity of competition is growth diminishing. Only if the intensity of
competition exceeds a critical level, its increase enhances growth. In contrast
to Palokangas (2008), I assume in this document that the producers share
the market among themselves and that there is a benevolent government that
regulates the productivity of imitation and the innovator’s market share.

If competition had no direct effect on welfare, the government would have
no incentives to promote competition in patent policy. In order to construct
such a direct effect, I adopt Ethier’s (1982) assumption that households are
better off, if the same amount of resources are used to produce a broader
variety of products. In that case, competition in any industry raises every
household’s welfare through an increased number of firms and products.

In line with Aghion et al. (2001), I specify household preferences so
that labor supply is infinitely elastic, for simplicity. Aghion et al. (1997)
show that with inelastic labor supply wage movements mitigate the effect of
competition on growth. On the one hand, product market competition tends
to increase the demand for manufacturing workers within each industry, but
on the other hand the demand for R&D workers should simultaneously go
up as a result of the increased incentive for the firms to escape competition.
The resulting upward pressure on wages reduce the innovators’ incremental
rents and their incentives to innovate. The only difference is that Aghion
et al. (2001) use a utility function that is logarithmic in consumption, but
linear in labor supply, while I use a utility function with a constant rate
of risk aversion. In that case, I have to introduce infinitely elastic labor
supply through the assumption that the disutility of employment is in fixed

proportion to the “standard of living” (= the average consumption).



As a result of all these modifications, I obtain optimal patent length and
patent width for an economy with non-diversifiable risk and product cycles.
The remainder of this paper is organized as follows. Section 2 presents the
structure of the model, section 3 proves the existence of the equilibrium
and section 4 constructs the product cycle. Sections 5 establishes welfare-

maximizing policy as functions of the rate of time preference.

2 The model

2.1 The markets

There is a large number of households that are placed evenly over the limit
[0,1]. Household ¢ € [0,1] consumes the C, units of the final good and
supplies N, labor units. Because in the model there is no money that would
pin down the nominal price level at any time, it is convenient to normalize

the households’ total spending in consumption at unity:

1
Py—1, yi/ Codi, (1)
0

where y is aggregate consumption and P the consumption price. Aggregate
labor supply (= all households’ labor supply) is equal to total labor devoted
to production, x, and total labor devoted to R&D,, I:

1
/ N,do =z +1. (2)
0

Competitive firms produce the consumption good from a great number
of intermediate goods that are evenly placed over the limit [0, 1]. In industry
J, there are n; firms that produce one unit of the same intermediate good
j € [0,1] from one labor unit. Aggregate consumption y is then produced
through Cobb-Douglas technology as follows:

1 i
Iny = / In(Bjx;)dj, xz; = ijm (3)
0 k=1

where B; is the productivity parameter in industry j, z; the quantity of
intermediate good j, n; the number of firms in industry j and z;, the output



of firm x in industry j. Total labor devoted to production is defined by

.= / i (4)

It is challenging to specify the producers’ strategic behavior in a prod-
uct cycle model. Mukoyama (2003) assumes Bertrand competition, under
which oligopolists earn zero profits in equilibrium. In an earlier paper of
mine, however, I show that there will be no growth without profits in a
product cycle model with non-diversifiable risk (Palokangas 2008). To ob-
tain positive profits in equilibrium, one could assume that the oligopolists’
products are imperfect substitutes (cf. Aghion at al. 1997, 2001, Palokangas
2008). Because this would excessively complicate the model, then, follow-
ing Segerstrom (1991), I opt for the assumption that oligopolists cooperate
in price settlement. This specification has two benefits. First, Segerstrom
shows that cooperation is a stable equilibrium in a product cycles model.
Second, any number of cooperating oligopolists charge the monopoly price.
If the oligopolists charged a lower price than a monopoly, the model would
again become excessively complicated. Therefore:

Assumption 1 The producers of an intermediate good share the market and
cooperate in price settlement. The entry of the (n; + 1)th producer in the
market decreases the market share of all the n; incumbent producers.

Although the oligopolists cooperate, they do not share the market equally.
The first producer, who is the innovator while the other are imitators in
the market, has some advantages (reputation, networking, etc.) by which it
captures a bigger market share than the others. I assume that government
regulations affect this market sharing, so that patent width, i.e. the innova-
tor’s relative profit after and before a successful imitation, can defined as the
government’s policy parameter.

Because R&D firms finance their expenditure by issuing shares and the
households save only in these shares, aggregate income is equal to the value
of consumption, Py, plus wages paid in R&D, wl, where w is the wage and
[ labor devoted to R&D. Given (1), it is then true that

1
/ Ade =wl+ Py =wl+ 1, (5)
0



where A, is the income of household ¢ € [0, 1] and fol A,di aggregate income.
All households are risk averters and share the same preferences.

2.2 Preferences

The utility function of a single household ¢ € [0, 1] is based on three principles.
First, in order to introduce the rate of risk aversion as a parameter of the
model, T assume the following:

Assumption 2 All households share the same preferences in which the rate
of time preference, p > 0, and the rate of relative risk aversion, € € (0,1),
are constants.

Second, T adopt Ethier’s (1982) assumption that households are better
off, if the same amount of resources are used to produce a broader variety
of products. I specify this assumption in the form that an increase in the
number n; of firms in any industry j € [0, 1] raises every household’s welfare:

Assumption 3 The level of a household’s utility is an increasing function

of the number of firms in the economy, fol n;dj:

1
f(/ njdj>, >0, f strictly concave. (6)
0

If households did not benefit from using the same amount of resources in a
broader variety of products, it would be socially optimal to produce all goods
by monopolies only.%

Third, I introduce infinitely elastic labor supply as follows:”

Assumption 4 In equilibrium, the disutility of employment in terms of con-
sumption — when utility s held constant — is in fixed proportion & to the “stan-

dard of living” (= the households’ average consumption in the economy, y ).

5In subsection 5.1, the effect (i) would be missing and the scale of competition, 3,
would be equal to zero.

TAghion et al. (2001) introduce infinitely elastic labor supply by the assumption that
utility is logarithmic in consumption but linear in labor supply. Because I change loga-
rithmic utility € = 1 into the constant rate ¢ € (0,1) of relative risk aversion, I have to
replace the linearity of labor supply in utility by assumption 4.



The following temporary utility function u satisfies assumption 4:

uw(C,,N,,y), 0Ou/oC, >0, Ou/ON, <0,

u strictly concave, wu linearly homogeneous in (C,,y),

dC, ( ou / ou )
u constant,C,=y aNL aCL C=y

dN,
where C, is household ¢’s consumption, N, its labor supply, 0C,/ON, its

disutility of employment, y average consumption and £ > 0 a constant.®
Given assumptions 2, 3 and 4, I can write household ¢’s inter-temporal
utility beginning at time 7" as follows:

o0

1
UC, T)=E / f( / njdj>u(q,NL,y)l—%—p(t—T)dt, (8)
0

T

where t is time and E the expectation operator.

2.3 Research and development (R&D)

The productivity parameter in industry j [cf. (3)] is determined by
Bj = ILLTj7 = L, (9)

where p is a parameter and 7; an index of technology in industry j. The
invention of a new technology in industry j raises the index 7; by one and
the level of productivity by u > 1.

In any industry, there can be either innovative R & D that aims at creating
a new state-of-the-art product in the industry, or imitative R& D that aims
at creating a close substitute for the incumbent state-of-the-art product at
the same level of technology. I denote the set of imitative industries by ©
and that of innovative industries by [0, 1] \ ©.

I assume that all firms doing innovative R&D learn from each others. In
each innovative industry j € [0,1] \ ©, firms ¢ € {1,...,n;} employ labor I,
in innovative R&D. This produces the total spillover effect

ng Nk
lkgdl{? = lkfdk
/ke[m]\@ ; k¢o ;

8Examples of the functions (7) are u = (C!=% — &y'='N,) /(1 — 0) and
u=(C, — EyNL)lfe/(l —0), where 0 € (0,1) U (1,00) is a constant.

7



for all firms doing innovative R&D. When firm x in industry j innovates, its
technological change follows a Poisson process g;, in which the arrival rate
of innovations, Aj,, is given by

Nk

5
Aje = A0 (/%9 gzllkgdk>, A>0, 0<d<1, (10)
where A\ and ¢ are constants. During a short time interval dt, there is an
innovation dg;, = 1 in firm s with probability Aj.d¢, and no innovation
dg;. = 0 with probability 1 — A;,.dt.

The specification (10) has the following useful property. In the symmetric
equilibrium where all innovative firms employ the same amount of labor (i.e.
liy = lj for all k ¢ © and /) and each innovative industry has the same
number of firms (i.e. ny = n; for all k ¢ O), the arrival rate of innovations
per firm, Aj,, is in fixed proportion A to labor input per innovative firm,
Lix, times the spillover effect, (n;3)°, which is an increasing function of the
number of innovative firms in the economy, n;0.

When firm « in industry j imitates, its technological change follows a
Poisson process @), in which the arrival rate of imitations is in fixed propor-
tion A/a to the firm’s own labor input [;,.:°

L = (Na)lj,, a>0. (11)

During a short time interval d¢, there is an imitation d@;, = 1 with probabil-
ity I';.dt, and no imitation d@);, = 0 with probability 1 —TI';.dt. The relative
productivity between imitative and innovative R&D, a, characterizes patent
length. The more government regulations hamper imitation, the bigger a and
the longer time it takes to produce a successful imitation for an invention.
Given this, I define patent length a as the government’s policy parameter.

Each R&D firm distributes its profit among those who had financed it
in proportion to their investment in the firm. Because both innovation and
imitation follow a Poisson process, the values of shares in R&D projects are
random variables and household ¢ € [0, 1] maximizes its utility (8) subject to
the random development of these values.

91 ignore spillover effect for imitative R&D, for simplicity. When all imitative firms are
subject to constant returns to scale with respect to their own input, they all behave as if
there were a single imitative firm in each industry.



3 The steady-state equilibrium
In this section, I prove the existence of the following equilibrium:

Definition. The economy is in a stationary-state equilibrium, if the follow-
ing properties are satisfied:

(1) The industries j are run either by monopolies (n; = 1) or duopolies
(n; = 2). Non-producing outsiders imitate to enter any of the monopoly
industries and the incumbent duopolists innovate to become a monopoly
in the same industry. The profits of a typical monopoly and a typical
duopolist are constant over time.

(ii) The proportions of monopoly and duopoly industries in the economy
(denoted o and (3, respectively) are constants over time. Every time a
new superior-quality product is discovered in some industry, changing
this from a duopoly into a monopoly, imitation must occur in some

other industry, changing this from a monopoly into a duopoly.

(iii) The average growth rate of consumption, g, the wage w, total labor
in manufacturing, x, and total labor in R&D, I, the labor input n of
a typical innovative firm in R&D and the labor input v of a typical
imitative firm in R&D are constants over time.

3.1 The manufacturing of goods

The representative consumption-good firm maximizes its profit

1
II° = Py — / pjridj
0

subject to technology (3), given the output price P and the input prices p;.
Noting (1), this implies
_pYy _

1
HCZO, D = ——PEZ—

for all j. 12
! Ox; r; T, orany (12)

All intermediate-good firms produce one unit of their output from one la-
bor unit. The product of the newest generation provides exactly the constant

i > 1 times as many services as that of earlier generation. A firm of earlier

9



generation earns the profit 11 = (pg’ - w)x;’, where pj is its output price and
x] its output. Every firm with the newest technology pushes and keeps the
firms with older technology out of the market by choosing its price p; so that
these earn no profit, IIY = 0 and p; = w. This yields pi/p = p; = w. This,
(3), (4) and (12) yields the equilibrium conditions:

1 1 1
=—=z Ij=p ~—wz=1T=1-->0. (13
== = L0y

Because a successful innovation crowds out all incumbent producers in a
market, the innovator is always the first producer, while the later entrants

are imitators. Given assumption 1, it is then true that:

(a) The innovator will earn the constant profit II as long as it remains the
monopoly producer in the industry. Because a household holds the
share of all firms in its same portfolio, it does not invest in innovative

R&D in the monopoly industries.

(b) If anyone invests in imitative R&D to enter a monopoly industry j, then
its prospective profit is II;5, but if it does that (with the same cost) to
enter an industry j with x > 1 producers, then its prospective profit
is smaller than II;5. Thus, it invest in imitative R&D only to enter a
monopoly industry, but not to enter an oligopoly industry. This means
that there can be at most two producers in an industry.

From (a) and (b) above it follows that in equilibrium there are only monopoly
industries with imitative R&D or duopoly industries with innovative R&D.
This and (13) prove the property (i) of a stationary-state equilibrium.

I denote the set of monopoly industries by © C [0, 1]. The proportions of
duopoly and monopoly industries ( and «, respectively) are then given by

6= dj, a:/ dj=1-p. (14)
7¢O JjEO

Thus, the property (ii) of a stationary-state equilibrium is proven. Tang and
Wiilde (2001) call the proportion of duopoly industries, (3, as the scale of
competition. The profits in the economy are determined as follows:

Proposition 1 In monopoly industries j € ©, the innovator earns the entire

monopoly profit 11, while in duopoly industries j ¢ O, the innovator earns a

10



smaller profit ¢I1 and the imitator earns the rest of the monopoly profit in the
industry, (1 —¢)I1, where ¢ € [0, 1] is the patent width parameter determined

by the government.

3.2 Economic growth

According to the properties (i) and (ii) of a stationary-state equilibrium,
duopolists labeled 1 and 2 innovate and none imitates in duopoly industries
j ¢ O, while outsiders imitate and none innovates in monopoly industries j €
©. Because according to technology (11) imitation yields constant returns
to scale, all outsiders in monopoly industry j € © behave as if there were a

single outsider firm labeled 0. The structure of industries is given by Fig. 2.

number of firms

one monopoly, which
neither innovates

nor imitates two innovating
1 duopolists
(called R&D firms
one imitating outsider 1and2)
(called R&D firm 0)
o=1-P B 1 industries

Figure 2: Competition and the number of firms in the economy.

In duopoly industries j ¢ © the two producers employ /;; + l;2 and in
monopoly industries 7 € © the outsider employs /o labor units in R&D.
Total employment in R&D, [, is the sum of all firms’ employment in R&D:

li/ (lj1+lj2)dj+/ l;dj. (15)
j¢e JEO

Given (9), the average productivity in the economy, B, is defined as a function

11



of the technologies 7; of all industries j € [0, 1] as follows:

1 1
In B= / In B;dj = (ln,u)/ 7;dj. (16)
0 0

The arrival rate of innovations in duopoly industry j ¢ O is the sum of
the arrival rates of both duopolists in that industry, Aj; + Ajo [Cf., (10)].
Because only duopoly industries j ¢ © innovate, then the average growth
rate of the average productivity B({tx}) in the stationary state is given by

1
g=(In ,u)/ Pr(7; increases by one)dj = (In ,u)/ (Aj1 +Ajo)dj,  (17)
0 g0
where Pr(-) denotes the probability.

3.3 Innovation and imitation

In monopoly industry j € © outsider 0 and in industry j ¢ © duopolists 1
and 2 issue shares to finance their labor expenditure in R&D. Because the
households ¢ € [0, 1] invest in these shares, one obtains

1 1
/ S,j0de = wljy for j € O, / S,ixdt = wlj,; for k € {1,2} and j ¢ O,
0 0
(18)

where wl;o is the imitative expenditure of outsider 0 in monopoly industry j €
©, wlj,; the innovative expenditure of duopolist x € {1, 2} in industry j ¢ O,
S,jo household ¢’s investment in outsider firm 0 in monopoly industry j € ©,
S,;jx household ¢’s investment in duopolist « in industry j ¢ O, fol S,jodu
aggregate investment in outsider firm 0 in monopoly industry j € O, and
fol S,jxdL aggregate investment in duopolist x in industry j ¢ ©. Household
¢’s relative investment shares in outsiders 0 and duopolists x € {1,2} are

. . SL 10 . . . SL 5 .
B0 = WJ]‘O for j € 0; i, = WJJK for j ¢ ©. (19)

When household ¢ has financed a successful R&D firm, it acquires the
right to the firm’s profit in proportion to its relative investment share. Noting
proposition 1, the profit sharing can then be characterized as follows:

12



s,jx household ¢’s profit from duopolist x € {1,2} in industry j ¢ ©;

i,jx household ¢’s investment share in duopolist x € {1, 2} in industry j ¢ ©
[ef. (19)];

IT  the profit that duopolist x € {1,2} in industry j ¢ © shall earn after
innovation has changed it into a monopoly;

I17,;,, the profit that household ¢ shall get from duopolist £ € {1,2} in in-

dustry j ¢ © after innovation has changed this into a monopoly;
5,50 household ¢’s profit from outsider 0 in industry j € ©;
i,jo household ¢’s investment share in outsider 0 in industry j € © [cf. (19)];

@Il the profit that the innovator in industry j € © shall earn after a suc-

cessful imitation of its product;

(1 — ¢)II the profit that outsider 0 in industry j € © shall earn after imita-
tion has changed it as the second duopolist;

(1 — ¢)IIi,jo the profit that household ¢ shall get from outsider 0 in industry
j € © after imitation has changed it into the second duopolist.

The changes in the profits of firms in industry j are functions of the
0

increments (dg;1, dg;o, dQ o) of Poisson processes (g1, gj2, Qo) as follows:!
dSLjK] - (Hibjn - Sbjn)dqjm - SLjnde(C;éﬁ) when ] ¢ @7
dSL]’Q = [(1 — ¢)HiLj0 — SLjD]deO when j c @;
dSle = (¢HiLj1 — Sle)deO Whenj c @ (20)

These functions can be explained as follows. If a household invests in in-
novative duopolist x in industry ;7 ¢ O, then, in the advent of a success
for that duopolist, dg;. = 1, the amount of its share holdings rises up to
I3, ., ie. ds,. = Ili; — 8.5, but in the advent of success for the other
duopolist ( # k, its share holdings in duopolist x fall down to zero, i.e.
ds,jx = —S,x. If a household invests in imitative outsider 0 in monopoly

0This extends the idea of Wilde (1999a, 1999b).

13



industry j € ©, then, in the advent of a success for outsider 0, dQ ;o = 1, the
amount of its share holdings in that outsider 0 rises up to (1 — ¢)ILi, o, i.e.
ds,jo = (1 —¢)ILi,jo — s,j0, but the amount of its share holdings in incumbent

monopoly 1 falls down to ¢Ili i, i.e. ds,;1 = ¢lli,j; — sLj1.11

3.4 Households

Because investment in shares in R&D firms is the only form of saving in the
model, the budget constraint of household ¢ is given by

A, = PC, + / S,0dj + / (Syj1 + Sij2)dj, (21)
j€o Jj¢e

where A, is the household’s total income, C, its consumption, P the consump-
tion price, S,jo the household’s investment in outsider firm 0 in monopoly
industry j € ©, and S, the household’s investment in duopolist « in indus-
try j ¢ ©. Household ¢’s total income A, consists of its wage income (= the
wage w times its labor supply N,) wN,, its profits s,;; from the monopoly in
each industry j € © and its profits s,;; and s,j from the duopolists 1 and 2
in each industry j ¢ ©. This yields

A, =wN, + / s,;1dj +/ (8,1 + Su52)dj. (22)
j€o j¢0O

Household ¢ maximizes its utility (8) by its investment, {S,o} for j € ©
and {S,;1, 5,2} for j ¢ ©, subject to its budget constraint (21), the stochas-
tic changes (20) in its profits, the composition of its income, (22), and the
determination of its relative investment shares, (19), given the arrival rates
{Ax,Tjo}, the wage w and the consumption price P. In the Appendix, this
maximization problem is solved by dynamic programming, with the following
results.!? In the households’ stationary equilibrium in which the allocation
of resources is invariable across technologies, it is true that

w and x are constants, (23)
N, .
ﬁ:1<_1 ¢) ljﬁ_n7 ) fOI'j. ¢®7 (24)
2\p'~a ) lio=1v=(-20n)/(1—p) forjeo,

M Household ¢ knows that the two producers profits must sum up to II. Because it does
not invest in incumbent monopoly 1, the investment share ¢,;; does not change.

12A detailed proof will be delivered to a reader on request. The dynamic program is
similar to that in Palokangas (2008).
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1— /le_e (25)6}\1—[”1—6
= 25
Pt In p g 1+w)w ’ (25)
——

Aj. = (2B)°An for j ¢ © and x € {1,2}, g= (21+5/\111 M)51+577a (26)

where 7 (1) is the labor input of a single innovative (imitative) firm. Given
(24) and (26), the property (iii) of a stationary-state equilibrium is proven.
In (23), the wage w is fixed, because the disutility of employment is pro-
portional to average consumption y. This and the firm’s equilibrium condi-
tions (13) lead to fixed output = per industry. Results (24) can be explained
as follows. An increase in (3 above the equilibrium increases the spillover of
knowledge and the productivity of R&D for each innovative firm. Conse-
quently, there will be more innovations that change duopoly industries into
monopolies and 3 will fall. A decrease in § below the equilibrium decreases
the spillover of knowledge and the productivity of R&D for each innovative
firm. Consequently, there will be less innovations that change duopoly indus-
tries into monopolies and 3 will rise. Thus, there exists a stable equilibrium
for the proportion of innovative duopoly industries, 5. With longer or wider
patents (i.e. a bigger a or ¢), there are more incentives to invest in inno-
vative firms to escape competition. With higher investment per innovative
firm, more duopolies change into monopolies and the proportion of duopoly
industries, 3, falls. Thus, the equilibrium level of [ falls with both a and ¢.
According to (25), a household’s subjective discount factor
1— i

2
T (27)

p+

is equal to the marginal rate of return to savings,

1/1— 1/8
2 (u1‘€i> (2)

A higher proportion 3 of innovative duopoly industries increases the spillover

of knowledge, the productivity of R&D for each innovative firm and the
marginal rate of return to savings, (28). With more labor in R&D (i.e. a
higher [), the marginal product of R&D falls. Because households invest
their savings in R&D, then the marginal rate of return to savings, (28), falls
as well. In (26), the growth rate g is in fixed proportion to the proportion of

innovative industries, 3, directly and through spillovers 3°.
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4 The product cycle

Differentiating the logarithm of the first-equation (25) totally, and noting
i > 1, one obtains employment in R&D, [, as the following function:

ol 5,1 ol 11—yl ol
1(9757075)7 %—E<E+l> O, a—g_v a_p >O’
ol L—pl=c \-1/1 —
0_p__(p+ . 9) (y+1) <o
ol . 1— Iulfe -1 (1-0) 1
a—‘[@ﬁ(ﬁ—m 9) gl +1) <0 (29)
+ ~——— +

+

Given the property (ii) of the stationary-state equilibrium, the rate at which
industries leave the group of duopoly industries k& ¢ O in a small interval dt,
B(Aj1 + Aj)dt, is then equal to the rate at which the industries leave the
group of monopoly industries j € ©, al'jodt in that interval dt:

6(Ak1 + Akg) = afjo for k ¢ O and j € 6. (30)
Given equations (11), (24), (26) and (30), one obtains

| — Apr + Ao _ (28)°an _ (28)°an _ (2@6@77.

alj/B  (L=PB)lp/6 (A =0)w/8 1/3—2n
From this, (26) and (29) it follows that labor per innovative firm and the
growth rate are determined by n = (g, 8, p,€)/{B[2 + (26)°a]} and

I(g,8,p,€) .
g = (2)\111#)21_56—_5—}% = J(%B;aypa 6)7
aJ g ol 0.7 0J gol = ogp!
9J _gol oJ gl _gq L 9P ), 31
90 109" 3 ~" 3~ 195 T gira 0 (31)

The right-hand equation (31) defines the growth rate g as a function of
(a, p, €). Unfortunately, the variable g appears in both sides of the equation,
which makes this dependence mathematically ambiguous. This ambiguity
can be eliminated by the stability properties of the model. Assume that
vector (a,p,€) changes so that J(g,3,a,p,€) increases.’® This raises the

3Formally, this can be proven as follows. Assume that an increase in the growth rate g
is in fixed proportion w > 0 to the perturbation J(g,3,a, p,€) — g from the equilibrium:
g =wl[J(g,B,a,p,¢e)—g|. This system has a stable equilibrium only if 9g/0g = w[dJ/dg—
1] < 0, which is equivalent to 9J/9g < 1.
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growth rate g by the same amount, which generates a further increase 9.J/9g
in J. If 0J/0g < 1, there will be a sequence of dampening increases in
g until a new equilibrium is attained. If 0J/dg > 1, then there will be
ever accelerating increases in ¢ and the system will never end up with an
equilibrium. Because the comparative static properties of a constant-growth
equilibrium cannot be analyzed by an unstable model,!* T assume 9.J/9g < 1.
Given 0 < 0J/0g < 1, (24) and (25), the comparative statics of the equation
(31) implies the function

da  Oa dg o8~ 98 g
dG  0G 0G 9p dG 0GB
do o0 o5 90~ W= a5 a9 =" (32)
N~ —~ —

This result can be rephrased as follows:

Proposition 2 An increase in patent length a or patent width ¢ slows down

economic growth (i.e. decreases g).

According to (32), patent shape affects the growth rate through two channels:

The scale-of-competition effect. With longer or wider patents, there are more
incentives to invest in innovative R&D firms to escape competition.
With higher investment per innovative firm, more duopolies will end
up as monopolies and the proportion of innovating industries (= the
scale of competition), 3, will fall. This will slow down economic growth.

The direct effect. Assume that patent length a is increased, but patent width
¢ is decreased to hold the proportion of innovating industries, 3, con-
stant [cf. (24)]. In that case, there are less imitative firms flowing
to the group of innovative firms. Consequently, in equilibrium, there
must be less successful innovations transferring firms to the group of

imitative firms. With less innovations, the growth rate will be lower.

140nly in a stable system, a small change of the vector (a, p, €) generates a small change
in the equilibrium value of the endogenous variable g.
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Patent length a promotes economic growth directly and through the scale
of competition, but patent width ¢ only through the latter. This difference
enables the control of the growth rate g and the scale of competition, 3, by
patent length a and patent width ¢.

5 The government

Noting (1), (2), (3), (4), (16), (29) and the symmetry across the households
¢ € [0,1], one obtains consumption y as:

C,=y=uzB for.€[0,1], N,=z+1 for.e€]0,1]. (33)

Noting (6), (7), (14), (29) and (33), I define the function

1y s)
C(ga 57 Ps 6) = #U(CL, Nu y)l_e = f(l + ﬂ).ﬁEl_%L(l, T+ l, 1)1_67
19c 1—¢€¢0u dl 1—¢€ Ou 1—pt=e N-tpte—1/1
cdg u ON, g u 8NL<p In p g) In p <w+>< ’
M~ N~ —,—,—,—
M ¥ M +
10 1—¢ Ou 0l " 1—€0u 6/1 (1
255 Eaﬁ%”f?: “ow 5w ) H (34
cof — u ON, NG A
T - + +
Noting this, a single household’s utility function (8) takes the form
U(C,T) = E/ c(g, 8. p. ) B({ts})' e . (35)
T

The government maximizes a household’s welfare (35) subject to stochas-
tic technological change (10). Noting (24) and (32), the growth rate g and
the scale of competition, 3, can be controlled by patent length a and patent
width ¢. Thus, the maximization can be carried out by using the growth rate
g and the scale of competition,  as control variables. Later on, the optimum
can be transformed into the terms of patent and competition policy (a, ¢).

I denote by Y({tx}) the value of any industry using current technology ¢,
and by T(tj +1, {tk#}) the value of industry j using technology ¢;+ 1, when
other industries k # j use current technology ;. In each duopoly industry
J ¢ O, the arrival rate of innovations that change technology from t; to ¢4
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is equal to A;; 4+ Ajo, while there are no innovations in monopoly industries

j € ©. Noting this, the Bellman equation for the government’s program is'®

T({t}) = maxF(g, 5,p,¢), where
9,

F(g,8,p,€) = % + /¢@(Aﬂ + M) [T (5 + 1, {tigs}) — T({te})] dj

Because in equilibrium technological change is symmetric throughout all in-

novative industries,

T(tj + 1, {t/ﬁgj}) — T({tk}) == T(tL + 1, {n:;h}) — T({tk}) for j ¢ @,
then, noting (17), this Bellman equation changes into

pY({tr}) =max F(g, 5,p.¢), where

Fla. 5.0 = L2 1 ) = TN [ A

~clg,B,p,¢€)) g
= Sl [T (t, + 1, {tee}) — T({t k})]l_ (36)

Provided that the function ¢(g, (3, p, €) is strictly concave in (¢, g), the function
F(g, B, p,€) is strictly concave in (¢, g) as well. In that case, the government’s

optimum is unique and one can apply comparative statics on public policy.
5.1 The optimal scale of competition
Noting (34) and (36), one obtains

f = argmax F(g,B,p,€) = arg meax (g, 0, p,€). (37)
This can be rephrased as:

Proposition 3 The welfare-mazimizing scale of competition, 3, maximizes

temporary utility ¢ at every moment of time.

The scale of competition, 3, has two opposite effects on temporary utility c:

(i) It increases the variety of products and temporary utility c.

15Cf. Dixit and Pindyck (1994).
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(ii) Because duopolies employ more workers in manufacturing than mo-
nopolies, a larger proportion of duopolies, (3, increases employment in
manufacturing and the wage. With a higher wage, output per firm
is lower in the production of the consumption good. This decreases

consumption and temporary utility c.

The scale of competition, 3, maximizes consumption when the opposite ef-
fects (i) and (ii) are in balance. The first-order condition corresponding to
(37) is 0c/0p = 0. Given (34), this is equivalent to

Bff(L+p5)  1—e€ Ou (1 )
—_ = —+1). (38)
f(a+05) u  ON, \w

+ = +

5.2 The optimal growth rate
I try the solution that the value function is of the form

T({te}) = cB({t:})' /0 (39)

where 9 is independent of the endogenous variables of the system. From (9),
(16) and (39) it then follows that

T(t; + L {teg}) _ (B(tj +1, {tk#}))“ _ (M) T e

T({tr}) B({tx}) B;(t;)
(40)
Inserting (39) and (40) into the Bellman equation (36), I obtain
p=0+ ("~ 1)/ (Aji +Ajo)dj =0+ (p' = — 1)%
j¢oe [
and
1 — ,ul—e
V=pt Y (41)
Noting (34), (36), (39), (40) and (41), one obtains
oF ., .0c

B = B 7 + ﬁ[’f(m + 1, {trz}) — T({tr})]

L 0c ptte—1

= B () = ST(h g + T

-2, “—‘1} v(gd) = (o + “—“g) Loc “—‘1} T({t})

E@g Inp Inp Ea_g Inp
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| e () e v

u ON, Inp \w In i
1—¢edu /1 pt=e—1
—[ . aNL(EH)H}—mM T({tx}) = 0.

Noting this and (38), one obtains that labor devoted to R&D, [, and the
scale of competition, (3, are constants:

LN, dlogf  BFO+H)
GH)=2 5 = TFars =°

e—1 Ou(l,N,1)
u(1l, N, 1) ON, N, —2t
(42)

These equations fix [ and [ and yield the following result:

Proposition 4 The scale of competition, 3, should be extended up to the
point at which the elasticity of output with respect to 3 — holding labor input x
and the level of productivity, B, constant — is equal to the spillover parameter
0 in the production function of the innovative R&D firm. At the optimum,
both labor devoted to R& D, Z and the scale of competition, B, are independent

of the rate of time preference, p, and the rate of risk aversion, €.

Noting (42) and (29) yield I(g, 3, p,¢) = [. Differentiating this equation
totally and noting (29), one obtains

g ol | al dg ol | al
S - /= s 4
- + - +

This result can be rephrased as follows:

Proposition 5 If the households become more patient (i.e. p falls) or less
risk averse (i.e. € falls), then the welfare-maximizing growth rate decreases.

In this result, the most dominating effect is the following. If households
become more patient or less risk averse, then the discount factor (27) falls
for a given growth rate ¢g. In that case, the growth rate g must fall to keep
the discount factor (27) equal to the marginal rate of return to savings, (28)
[cf. > 1 and (25)].
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5.3 The optimal shape of patents
From (31), (42), (43) and proposition 4 it follows that
g(p.€) = (2AIn p)I/[2'°37° + a,

where [ and B are constants. Solving for @ and noting (43) yield the function

alp,€) = SLBE_gi-spes S0 90 g 44
(b €) 9(p,€) dp e (1)
Finally, given (24), (44) and p > 1, one obtains
. ~ _ 0¢ ~ < . 0Oa
=~ 1—(2 é 1—e (2 0, 1—e”™
o(p;€) (26)°alp, ), 9 (26)° 5~ 0
? = (2@“)6#1—6 [a Inp — % } > 0. (45)
€ ~ €

The results (44) and (45) can be rephrased as follows:

Proposition 6 The more patient (i.e. the smaller p) or the less risk averse
(i.e. the smaller €) the households, the longer and narrower the optimal
patents (i.e. the bigger a and the smaller ¢ ).

With more patient or less averse households the welfare-maximizing growth
rate is lower (cf. proposition 5). This low growth rate can be implemented
either long or wide patents (cf. proposition 2). Because patent length a pro-
motes economic growth both directly and through the scale of competition,
0, but patent width ¢ only through the latter, it is more efficient to slow down
growth by increasing patent length and to hold the scale of competition, [,
at the optimal level (cf. proposition 4) by decreasing patent width.

6 Conclusions

This study examines a multi-industry economy in which growth is generated
by creative destruction. In each industry, a firm that creates the newest
technology by a successful innovation crowds out the other firms with older

technologies from the market and becomes the first producer of the industry.
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A firm creating a copy of the newest technology starts producing the inno-
vator’s product and establishes an innovation race with the first producer.
Because systematic investment risk cannot be eliminated by diversification,
the households hold the shares of all firms in their portfolios.

Innovations are protected by patents. Some patent regulations increase
the expected time a patent will be imitated (i.e. patent length), while the
others increase the innovator’s market share after a successful imitation (i.e.
patent width). With these two instruments, the government can control
innovative and imitative R&D, economic growth and social welfare. The
main findings are as follows.

An increase in patent length or patent width slows down economic growth.

Patent shape affects the growth rate through two channels:

The scale-of-competition effect. With longer or wider patents, there are more
incentives to invest in innovative R&D firms to escape competition.
With higher investment per innovative firm, more duopolies will end
up as monopolies and the proportion of innovating industries (= the
scale of competition) will fall. This will slow down economic growth.

The direct effect. Assume that patent length is increased, but patent width
is decreased to hold the proportion of innovating industries constant.
In that case, there are less imitative firms flowing to the group of inno-
vative firms. Consequently, in equilibrium, there must be less successful
innovations transferring firms to the group of imitative firms. With less

innovations, the growth rate will be lower.

Patent length promotes economic growth directly and through the scale of
competition, but patent width only through the latter. This difference en-
ables that the government can control the growth rate and the scale of com-
petition independently. If the households become more patient or less risk
averse, then the welfare-maximizing growth rate decreases. In that case, the
discount factor falls for a given growth rate, and the growth rate must fall
to keep the discount factor equal to the marginal rate of return to savings.
The more patient or the less risk averse the households, the longer and
narrower the optimal patents. In that case, the welfare-maximizing growth
rate is low and this low growth rate can be implemented by either long or wide
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patents. Because patent length promotes economic growth both directly and
through the scale of competition, but patent width only through the latter,
it is better to lengthen patents in order to slow down economic growth and

to narrow patents in order to hold the scale of competition constant.

Appendix

Noting (14), household ¢’s expected utility (8) can be written as follows:
UCLT) =B [~ 1+ 9)u(C Ny e .
T

Because the household takes the proportion of duopoly industries, (3, as given,

it is equivalent to maximize

E/ u(C,, N, y) e "Dt (46)

T

Technology 7, changes randomly in each industry k. I denote:
{suv}  vector of s, for k € [0,1] and v € {0, 1, 2},
{S.k2jyo} vector of sk, for k € [0,1], k # j and v € {0, 1,2},
{7} vector of 1, for k € [0, 1],
{m2;}  vector of 7, for k € [0,1] and k # j.

{7} i

I denote variables depending on {7} by superscript {r}. Thus,C} S

household ¢’s current consumption, yi™} current average consumption, w{m}

the current wage, P{™} the current price and
wl™l = u(CL{Tk}’ NL{TK}’ y{Tk})‘ (47)
I define the value functions:

Q({smv}, {Tk}) the value of receiving profits s,z, from all firms v in all in-

dustries £ using current technology 7.
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Q(HZ.L]'H,O,{SL(]{;#]')U},T]' + 1,{7;#]-}) the value of receiving the profit IIi,j,
from firm x in industry j ¢ © using technology 7, + 1, but receiving no
profits from the other firm that was a producer in that industry when
technology 7; was used, and receiving profits s,(xxj), from all firms v

in other industries k£ # j with current technology 7.

Q(gbl’[z’m, (1— gb)Hz‘Ljo,{sL(k#j)v},{Tk}) the value of receiving profit ¢Ili,;
form firm 1 and profit (1 — ¢)Ili,j from firm 2 in industry j € ©,
but profits sy, from all firms v in the other industries k£ # j with
current technology 7y.

Let Aj, be the arrival rate of innovations that change duopolist  into a
monopoly in industry j ¢ ©. Each of these innovations increases the value

of that duopolist by the amount

Q (Mg, 0, {Sutktyo }> 5 + L {mzs}) — Q{50 }, {7}),

Let I'jo be the arrival rate of imitations that change outsider 0 into the second
duopolist in industry 57 € ©. Each of these imitations increases the value of

that outsider by the amount

Q@i (1= @)isjo, {suquziyo s {7}) = Q{suo}s {7 ).

Household ¢ maximizes its utility (46) by its labor supply N, and investment,
{S,jo} for j € © and {S,;1, 5,2} for j ¢ ©, subject to (19), (20), (21) and
(22), , taking the macroeconomic variables w, y, P and {A;,,T';o} for all
7 and Kk as given. The Bellman equation associated with the household’s
maximization is given by'®

P82 ({sbkv}, {Tk}) = max =, (48)

S,; > 0 for all j

16Cf. Dixit and Pindyck (1994).
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with
- U(CL{Tk}, NL{Tk},y{Tk})l_E
+ / F [Q (Hium 07 {SL(k;ﬁj)U}? T + 17 {Tk;zéj}) - Q({de}, {Tk})] dj

/@zAw (61, (1 = &) Wigo, {suio}s ()

— Q({suah {n}) | di (49)

The first-order condition corresponding to labor supply N, is given by

N, = arg max u(C,, N, y)' ¢ = arg max u(C,, N,,y). (50)

L

Because 0C,/0S,j, = w/P by (21) and (22), then from (1), (7), (47) and
(50) it follows that

dulm} [au{‘%} wimr 9yt

— +

dN{Tk} Ryt gc et Pime} aNb{Tk} ol Zyimi)

Oulmt it — fP{Tk}y{Tk} oultmd i — ¢

aC{Tk} P} aCL{Tk} P}
wimt

Y

= ¢ = constant. (51)

C’L{Tk}:y{"k}

Because 0C,/9S,;, = —1/P{™} by (21) and (22), the first-order conditions
corresponding to investment, {S,;0} for j € © and {S;1, 5,2} for j ¢ O, are

d .
AJ”FM [Q (s 0, {Suthiyo > 75 + 1, {7hs }) — Q{500 ), {T’“})}
_eoulm™r 1 .
= (=) (™) ey Py ford ¢ @ and € {1,2), (52)
d . .
Fjom [Q(Qsﬂlm, (1 = @) igjo, {suupo}s {7}) — ({500} {T’“})}
4
{7}
— (1 - ) (umh) Ou L frjee. (53)

pCm Pl

I try the solution that for each household v the propensity to consume,
h,, and the subjective interest rate r, are independent of income A,. Since

according to (22) income A depends directly on variables {slk,}, I denote
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Al ({stv}). Assuming that the propensity to consume, h,, is invariant

across technologies {75}, I obtain
p{m}c{m} —h A{Tk}({sbku}) (54)

The share in the next innovator 7;+1 is determined by investment under the
present technology 7, s,7, = = HzL;H for j ¢ ©. The share in the next imitator
is determined by investment under the same technology 7;, s;”ﬁn =(1— ng)HzLT]J,i

for j € ©. The value functions are then given by

Q({suo}, {7}) = ( )

. 1 - T 1\ 1—€
Q(HZij Oa {SL(k7éj)v}a Tj + 17 {Tk’?éj}) - T_(u s k;ﬁ]}). (55)

L

From (22), (54) and (55) it follows that

Aka}(ngileu( ¢)HZLJ07 {S (k#7) }) 1,j0="%,51 A{Tk} ({Sbkv})
= C{Tk} ({SLk"U})

C;{Tk}(quilev( QS)HZUO’ {SL(’ﬁéJ }) 150="0,51
Q(¢Hibj1> (1 - ¢)HiLj0? {SL(lﬁéj)v}’ {Tk}) . - Q({Sbkv}’ {Tk}) ' (56)

1,50=% 351

Given (55) and (56), one obtains

89({&;«,}}, {Tk})
dS,!

= 0. (57)

From (7), (19), (22), (54), (55), s} = I}, for j ¢ © and x = 1,2, and

LJK

S,y = (1 — ¢)ILi%, for j € © it follows that

a 7i+1 Tj

Sk . asLQ .
8'% =1l for j ¢ © and k = 1,2, GJ = (1— @) for j € O,
i i

LK ¢j0
aAZ'jJrlv{Tk;éj} aA{Tk} 6Z3n 1 .
T =5 =1 = = I for all 7 and &,
057} D57 057, wimil
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dQ (i, 0, {Su(krjyo}> 75 + 1 {Tiss })

sy
_ T+ 1{ T2
= —1 ¢ (uTj-i-l,{Tk;ﬁj})*E Ou —{ bt
r, acffrl AThi}

aOTJ—i-l ATr24} aATJ—i—l ATr24} 887']-‘1-1 aZTJ

LjK LK

gAT I} ggTitl oi’ 98"
—_———

LK Lk Lk
h,)PTitUATez5} =1 =II
= —1 —c (uTjJrl,{ﬂc#j})_ Gurr i v} 11h, 8ibJ]H
r, aCTﬁl Ak} Pt} 8STJ
1— —e 0 i+ {7} I1h,
— _E(urj+1,{7k#}) u — for j ¢ ©, (58)
TL aOZ—]+ 7{7'k;éj} w{Tk}PT]-i-l,{Tk#j}lj;—k}
Q(¢s51, (1 — O)isjo, {8 kot {70 })
s’
1 — E( {75 }) eau{Tk} aCL{Tk} aAiTk} 830 aZL]O
r, o™ gAl™ sy Oify  0S),
—— ——
:hb/P{Tk} =1 :(17¢)H
_ Lo tmpy=e Q0 (1= )l Oi,
r, 80;{7%} Pime} 8Sf]0
1 — .0 {7} 1 — ¢)Ih,
= =S (uf) “{ ; 1-9) oy forjee. (59)
T, OO+ w{Tk}P{Tk}ljgk

I focus on a stationary equilibrium where the growth rate g and the allo-
cation of labor, (l;.,x, N,), are invariant across technologies. Because there
is symmetry throughout all industries j € [0, 1] on one hand and throughout
all households j € [0,1] on the other hand, from (1), (3), (7), (13), (16) and
(51) it follows that

l{Tk} Lin, l.;"'k} —z=N-—1, CL{Tk} — y{Tk}’

150 = L1,

ul™! cfmed Pritlin) yim) Bim} 1
u’ +1, {75} Cri +1,{Trs} P} yTi ATzt Bttt )
w = constant, x = 1/(pw) = constant. (60)

Inserting (17), (49), (55), (56) and (60) into (48) yields
0= o+ [ o+ i+ | T |2({s}, ()
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- (u{”“})H B /¢@ Z AT, 0, {80y b 75+ 1 { T }) i
JEO =12

- / FjOQ (¢H7;Lj17 (1 - ¢)HiL]’07 {Sa(k;éj)v}7 {Tk})dj
JjEO

1 —€ —€
= [p + / (Aj1 + AjQ)dj] —(U{Tk})l — (U{T"’})l
i r

L

_/ Aji+ Ago (w1} )14
i¢e

T,

1 . . .
= —(u{T’“})1 {p +(1—pt )/é@(Ajl + Ajo)dj — 1,
J

T,

1 l—e 1 - lee
— (g} - .
—h(u e lp+ n s g n]

This equation is equivalent to

1 — #176

r,=p+ g. (61)

In i

Because there is symmetry throughout all households ¢, their propensity
to consume is equal, h, = h. This, (5), (18), (21) and (54) yield

U)l = ’UJ/ ljodj + w/ (ljl -+ ljz)dj = ’UJ/ lj()dj + / (ljl —+ bg)dj
Jj€O jge jISC) J¢e

1 1
= / |:/ SLjodj +/ (Sle + SLjQ)dj:| diL = / (AL — PCL>dL
o L/jeo i¢e 0
1
(- h)/ Adi = (1= h)(1 + wl)
0
and
h,=h=(1+wl)™" (62)

Because there is perfect symmetry throughout all firms inside the sets of

innovative and imitative industries, there are n and 1 so that
lig=nforj¢O©and =12, =1 forjeO. (63)

Given this and (14), the production function (10) changes into

2 5
Ajw = M0 (/ Zlkédk) = (28)° M. (64)
K

#0 —1
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Inserting (7), (11), (57), (58), (59), (60), (62), (63) and (64) into (52) and
(53) yields

5 . T
Ml—e (25) A (U{Tk})fe au{ k) ITh _ Ml_eﬁ (u{"'k})fe au{ 13 HhL
r, @C’L{T’f} w Pk} r, acb{ﬁc} wP{Tk}n
A 3 —€ {7k} th
= n () Ou i
. oCt™ w(P /)l
o % (uTj+1,{Tk¢j})_€ Oui AT} 1A,
s 80:']'4'1,{7%7&]'} w{Tk}ijH,{Tk#}l;{:@}
C Aje AT, O, {suasiyo}s 75+ L AT ) (ulh) ulmt 1
S l—c¢ dSZjK N 8(1{”“} P}
for j ¢ © and k € {1,2}, (65)
My 0 (L= Ty oy O] — oy
r, aCfL{Tk} wP{Tk} T, 8CL{Tk} w{Tk}P{Tk}ljgk}
= Lo dQ(gbsLﬂ’ (1 - ¢)HiLj2’ {SL(’WEJ')U}v {Tk’}) _ (U{Tk})_E out™r 1
T—e dS% oct) P
for j € ©. (66)
Given (65) and (66), one obtains

Equations (13), (14), (15), (17), (61), (62), (64) and (65) yield

l:/'wrwm@+/ m@:m/‘@+w/ dj = (1— B)v + 26n,
Jjge JISS) Ji¢e j€EO

Y= (1-26n)/(1-2), (68)

g=(Inp) /gz@(Ajl +Aj2)dj = (210 p)BA, = (27N In ) 510, (69)
1 _ulfe /uLefl B TLuefl B hIl B 11

(’”r In 2 g) 20)9°A — 2002w (1t w)w (70)

Relations (60), (67), (69) and (70) yield (24)-(26). O
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